The mass of the asteroid 15 Eunomia was determined from observations of 1313 Berna and 1284 Latvia. The orbit of Berna was determined from 51 observations made between 1933 and 1996, and gives a mass for 15 Eunomia of (4:2 1:1) 10 ?12 M . The orbit for Latvia was determined from 64 observations made between 1933 and 1996, and gives a mass for Eunomia of (1:5 6:9) 10 ?12 M . The mass determined using Berna gives a density of only 0.79 0.21 g cm ?3 assuming that Eunomia is a homogeneous sphere with a diameter of 272 km. Reed, et al. (1996) indicates, however, that Eunomia is neither spherical nor homogeneous.
INTRODUCTION
15 Eunomia, diameter 272 6 km (Tedesco 1989) , is the eighth largest asteroid, and is also the largest of the S type asteroids. Eunomia is a prime target for mass determination since there has been no previous mass determination for any S type asteroid. Hilton, et al. (1996) , henceforth HSM96, presented a list of 460 encounters between asteroids that should be useful in determining the masses of up to 34 asteroids. Twenty-six encounters were found involving Eunomia. The best encounters involved 1313 Berna and 1284 Latvia. All three of these asteroids are in similar orbits (Table 1) , so Eunomia has encountered both Berna and Latvia on numerous occasions (HSM96, Scholl, et al. 1987) .
The objectives of this paper are to present determinations of the mass of Eunomia from the observations of Berna and Latvia, and discuss what can be done to improve the mass of Eunomia. a Mean distance, eccentricity, and inclination are proper elements from Kne zevi c & Milani (1989) . b The longitude of the ascending node and arguement of perihelion are osculating elements on the mean equator and equinox of J2000.0 taken from Ephemerides of the Minor Planets (1996) .
Section 2 presents a determination of the mass of Eunomia from current observations of Berna and Latvia, Section 3 discusses the problems in these two mass evaluations and what can be done to improve the determination of the mass of Eunomia, and Section 4 presents the conclusions.
THE MASS OF EUNOMIA
The mass determinations of Eunomia were made using the ephemeris generating software known as the Planetary Ephemeris Program or PEP (Ash 1965) . PEP is a high precision ephemeris program capable of handling up to 30 bodies, and tting the ephemerides to several di erent data types including, but not limited to, transit telescope data, photographic astrometry data, and radar range data. PEP is capable of solving for many model parameters including orbital elements and the masses of any perturbing bodies, if desired.
The ephemerides of the Moon and the perturbing planets were provided by the JPL ephemeris DE200 (Standish 1990) . The masses of the planets used were the masses used for the production of DE200. Perturbations for the asteroids 1 Ceres, 2 Pallas, 4 Vesta and Eunomia were included. The ephemerides for Ceres, Pallas, and Vesta were taken from previous integrations, t to transit circle observations made by the Royal Greenwich Observatory, the Carlsberg Meridian Catalog (1984 -1995) (CAMC), the U.S. Naval Observatory at Washington and El Leoncito, Argentina, and the Bordeaux University in Floriac, France. The masses used for Pallas and Vesta were the same as used in DE200. However, the Viateau & Rapaport (1995) mass for Ceres, 5:0 10 ?10 M , was used beccuase modern determinations of its mass are signi cantly di erent from the one used to generate DE200. The ephemeris for Eunomia was integrated and t to 954 observations acquired from the Minor Planet Center and the CAMC. These observations cover the period 21 Jul. 1864 through 7 Mar. 1995. The initial mass estimate for Eunomia, 1:6 10 ?11 M , was based on a spherical body with a radius of 272 km (Tedesco 1989) and an assumed density of 3 gm cm ?3 . A least squares algorithm was used to adjust the parameters. The parameters solved for were the mass of Eunomia, the osculating elements for Eunomia, Latvia, and Berna, and catalog corrections for all observatories contributing fteen or more observations. The epoch for the osculating elements was 13 Nov. 1996.
Mass Determined by Perturbations of 1313 Berna
Berna underwent a series of close encounters with Eunomia in the recent past. Fig. 1 shows the distance (solid line) and relative speed (dashed line) between Eunomia and Berna as a function of time from the discovery of Berna in 1933 through 2000. The distance between Berna and Eunomia was rarely greater than 0.2 AU during the period 1957 through 1969, and on two occasions the distance was reduced to less than 0.05 AU. The relative speed was also very low during the long complicated interaction between 1961 and 1966 Stone (1996) during the most recent opposition in March 1996.
One observation from 1933 produced residuals of 30 00 in right ascension and 5 00 in declination and was removed. The mass obtained for Eunomia from the 51 remaining observations of Berna was a low (4:4 1:1) 10 ?12 M .
The determination of the mass of Eunomia can be visualized as making a high accuracy determination of the orbit of the test asteroid, in this case Berna, both before and after the encounter with Eunomia and noting the change in the orbit of the test asteroid. HSM96 pointed out that the change in the osculating elements based on a scattering type of encounter should a ect primarily the mean distance and/or the eccentricity. The correlations with the mass of Eunomia greater than 0.5 in Table 2 shows this to be the case. As expected, the correlation between the mass of Eunomia and the mean distance is very strong. There is also a strong correlation between the mass of Eunomia and the catalog corrections for the observations from Uccle. Why? There is a total of only 19 observations of Berna made before the era of close encounters between Berna and Eunomia. Thirteen of these pre-encounter observations were made at Uccle. The Uccle observations were all made during the rst two oppositions (1933 and 1935) in which Berna was observed and make up all of the observations prior to 1954. The mean distance of an asteroid must be inferred from its mean angular motion. The determination of the mean distance of Berna prior to its encounter with Eunomia and the { 6 { Fig. 2 shows the residuals in right ascension for all observations of Berna. There are a cluster of three possible outliers separated by 3 00 from the rest of the observations in 1933. In the third solution these observations were removed. 4. For the fourth solution the outliers were removed and the catalog corrections of Berna and Latvia from Uccle were treated independent of the Eunomia observations.
The results of these four solutions are shown in Table 3 . The models show that the initial solution was biased by the treatment of early and late observations from Uccle as having the same catalog corrections. The possible outliers had no signi cant e ect on the solution. The standard deviation of the residuals in solutions 2 through 4 is only 1: 00 4, considerably smaller than the 3: 00 2 residuals found in the most recent determination of the orbit of Berna which did not include perturbations by Eunomia (Filenko 1992) . Aside from the observations from Flagsta , the data sets used here and by Filenko are nearly identical. The mass adopted is 4:2 10 ?12 M ; however, the di erence between this mass and the other masses derived is insigni cant. The density of Eunomia, based on the Tedesco 1989 diameter and assuming a spherical body is only 0.79 0.23 g cm ?3 . This density is very low and would imply that Eunomia consists of a rubble pile with a ll factor of about 0.3. This scenario is unlikely. There are two other problems in determining the density of Eunomia.
First, the density of Eunomia is based on the assumption that it is a spherical body. Fig.  3 taken from Reed, et al. (1996) shows the shape of Eunomia based on visual and infrared variations in its light curve. This shape is highly non-spherical, so a determination of its volume based on a spherical shape is going to be subject to large errors. For example, a tetrahedron with the same mean projected area as a sphere has only 9.2% of the spheres volume. Thus, if Eunomia were a tetrahedron it would have a density of 8.6 g cm ?3 .
The second possible problem in determining the density of Eunomia is that there is some residual systematic error in the observations of Berna that has forced the mass of Eunomia determined to be much lower than the actual physical mass. It takes only a change of 10 ?6 AU, as discussed below in Section 3, in the determination of the mean distance of Berna to change the mass of Eunomia by 10 ?11 M . The easiest way to assure that the mass is not subject to { 8 { systematic errors in the observations of the perturbed asteroid is to con rm the mass by making a determination using a di erent perturbed asteroid. In this case such an asteroid exists, 1284 Latvia. Fig. 3 . The shape of 15 Eunomia from Reed, et al. (1996) .
Mass Determined by Perturbations of 1284 Latvia
Latvia, discovered shortly before Berna, is also in an orbit very similar to that of Eunomia (Table 1 ). Fig. 4 shows the distance and relative velocity between Latvia and Eunomia. The two asteroids have had close approaches of well under 0.15 AU over the entire recorded history of Latvia because the mean distance of Latvia is nearly the same as that of Eunomia. Only di erences in the orientation of their orbital planes have allowed these two asteroids to separate by as much as 0.8 AU from each other. The least distance between Latvia and Eunomia was well under 0.05 AU from 1951 through 1969. However the relative speeds are still rather high during the closest encounters, unlike the encounters between Eunomia and Berna.
The Minor Planet Center provided a total of 91 observations of Latvia covering the period from 1925 through 1991. Fifty-four observations from 27 Jul. 1933 through 12 Feb. 1991 were of su cient astrometric quality to be useful in making a mass determination for Eunomia. Eleven additional observations from the opposition in April and May 1996 were provided by Stone (1996) { 10 { for a total of 65 observations. Unlike Berna, no single observatory plays a commanding role in the determination of the mass of Eunomia, so a single observatory does not dominate the determination of either the preor post-encounter orbit of the perturbed asteroid.
The mass found for Eunomia was (1:5 6:9) 10 ?12 M . The mass of Eunomia determined from Latvia is 2 smaller than the initial mass estimate, but within 0.4 of the mass determined using Berna.
One observation was removed as an outlier. The nal mass determination was made using 64 observations. The residuals in the observations of Latvia were 0: 00 9. These residuals are slightly larger than the residuals of the most recently published orbit (0: 00 8) by Bowell (1991) ; however, a direct comparison is not valid since this solution was made with 64 observations from 20 oppositions while the orbit determined by Bowell was made using 31 observations from 11 oppositions. Like Berna, there is a very strong correlation between the mass of Eunomia and the mean distance of Latvia. The correlation between these two parameters is 0.97.
A determination of the mass of Eunomia based on observations of both asteroids is dominated by the observations of Berna, so a combined solution adds no additional information. 
DISCUSSION
At this point two questions need to be asked. First, why is the mass determination using observations of Latvia so much poorer than that produced using observations of Berna? Second, what can be done to reduce the uncertainties and produce a more reliable mass for Eunomia?
There are two possible reasons for the di erence in the uncertainties produced by the two di erent solutions for the mass of Eunomia. Either the observations of Latvia are generally of a poorer quality or there is a major di erence in the encounters that makes the determination of { 13 { the mass of Eunomia from its perturbation of Latvia less sensitive than that from observing the perturbation of Berna.
The problem does not lie in the observations. First, there were 28% more observations of Latvia than Berna used in determining the mass of Eunomia. Second, the residuals for Berna, after including Eunomia as a perturbing body, are 56% larger than those for Latvia. If the encounters with Eunomia were equivalent, then the relative uncertainty determined from Latvia should be only 0.6 that of Berna rather than a factor of nearly 6.5 greater.
Changes in the Mean Distance
The di erence must then lie in how Latvia and Berna are perturbed by Eunomia. Fig. 5 , taken from HSM96 shows the expected di erence in the right ascensions for Berna and Latvia with and without Eunomia as perturbing body. In all cases the asteroid orbits were t to the observations. The mass, however, was assumed to be the same one used as the initial mass here which is signi cantly higher than either mass determined from the observations. The mass of Eunomia a ects the scale of the change in right ascension but not the shape of the curve. The main point of this gure is that while both Latvia and Berna have discernible changes in their observed positions as a result of their encounters with Eunomia, the change in the right ascension for Berna is approximately a factor of seven greater over the same time period than the change in the right ascension for Latvia. What is the main source of this change in right ascension? For both Latvia and Berna there is a run o in right ascension with time implying that there has been a change in the mean distance of the perturbed asteroids as a result of their encounters with Eunomia. Fig. 6 shows the change in the mean distances of Latvia and Berna as a result of perturbations by Eunomia. This gure has three things of interest. First, the change in the mean distance scales linearly with the mass of Eunomia, leaving the shapes of both curves unchanged, so arbitrary units are used. For the mass of Eunomia determined by Berna, 1 unit is about 2:5 10 ?6 AU. Second, the overall e ect on Berna is greater even though Latvia gets closer to Eunomia. Third, the way in which the mean distance of Latvia and Berna change is quite di erent. Almost all of the e ect on Berna occurs in two large jumps in the same direction. For Latvia, however, the jumps are much smaller, continue over at least twelve encounters, and are somewhat symmetric about the closest approach near 1970. The overall e ect on the mean distance of Latvia is only a small portion of that of Berna even though there are transients in the mean distance of Latvia that are a large fraction of the size of the change in the mean distance of Berna.
Determining the mass is basically a problem of nding the the mean distances before and after the era of encounters. The main limitation for using Berna as the perturbed asteroid is the rather small number of observations that exist prior to 1960, increasing the uncertainty in the mean distance of Berna prior to its encounters with Eunomia. Using Latvia as the perturbed asteroid { 14 { has two limitations. First, the size of the change in the mean distance is smaller. Second, It is harder to make a good determination of the mean distance of Latvia because the perturbations of Eunomia on Latvia occur as a series of small jumps over a long period of time in comparison to the observational history of Latvia . These jumps make the mean distance di cult to determine because the mean distance must be determined from the mean angular motion of the asteroid. The expected uncertainties in the mean distances of Berna and Latvia can be calculated from the metric of . The log of the expected uncertainty in AU of the mean distance of Berna is ?7:72 0:45. The actual log uncertainty is -7.15. This log uncertainty is slightly better than the expected log uncertainty found applying the metric to only the observations of Berna made after its encounter with Eunomia of -7.12. The e ect of the perturbation of Latvia by the unknown mass of Eunomia is large enough so that the log uncertainty in the mean distance of Latvia is -7.00 rather than the expected value of -7.84 if Latvia were not perturbed by Eunomia. Hence the perturbation of these two asteroids by Eunomia signi cantly increases the uncertainty in their mean distances.
The Mass-Mean Distance Relation
The strong correlation between the mass of Eunomia and the mean distances of Berna and Latvia was taken as a reason to explore the relation between the mass of Eunomia and the mean distances of these perturbed asteroids. A series of solutions were made in which the mean distance of the perturbed asteroid was set to a xed value. Aside from xing the mean distance of the perturbed asteroid, the solution for the asteroid orbits and mass of Eunomia was the same as previously described. The mass of Eunomia as a function of the initial mean distance of Berna at the epoch 13 Nov. 1996 (JD 2450400.5) was found to obey the linear relation: 2) where a L is the mean distance of Latvia. A change of 10 ?6 AU in the mean distance of Berna changes the resulting mass of Eunomia by 10 ?11 M , and a change in the mean distance of Latvia of 10 ?6 AU results in a change of 5 10 ?11 M in the mass of Eunomia. Both of these relations were valid over ranges of 4 10 ?6 AU, which covers any possible value for the mass of Eunomia. Solutions for the mass of Eunomia made at other initial epochs changed the ducial mean distances but not the slopes of Eqs. (1) and (2).
The slope for the mass of Eunomia as a function of the mean distance of Latvia is a factor of ve greater than the slope as a function of the mean distance of Berna. Multiplying this by the factor of two greater uncertainty in the mean distance of Latvia gives an uncertainty in the { 15 { mass of Eunomia that is a factor of ten greater for Latvia than it is for Berna. This is the same as the ratio between the uncertainty found for the mass of Eunomia using Latvia when compared with the mass found using Berna once the number and quality of the observations of both test asteroids are taken into account.
A test was made to indicate whether this sort of behavior is a special property of asteroids that are in very similar orbits or if it might be applied to more general asteroid mass determinations. Vesta was used as the perturbed body to determine the mass of Ceres. Vesta is in a 4:3 resonance with Ceres, so they come close every 18 years. The mass of Ceres was determined with a xed initial mean distance for Vesta. The orbits of Ceres and Vesta were t to the same observations used to produce the perturbing asteroid ephemerides for Eunomia, Berna, and Latvia. A total of 1442 observations of Ceres and 1641 observations of Vesta covering the period 1897 through 1983. As before, the mass of the large asteroid, Ceres, was found to be a linear function of the mean distance of the perturbed asteroid, Vesta. The relation to characterize the mass of Ceres is M C = ?3:70 10 ?4 M =AU(a V ? 2:362114036AU) + 6:80 10 ?10 M (3) where M C is the mass of Ceres and a V is the mean distance of Vesta. This equation was tested over a range of 6 10 ?8 AU, which includes all reasonable values for the mass of Ceres. The linear correspondence between the mean distance of the perturbed asteroid and the mass of the large asteroid is not a special property of asteroids in nearly identical orbits, but may be universal. This can be tested using the several asteroids that have been used to determine the mass of Ceres by authors such as Bowell, et al. (1994) , Muinonen et al. (1996) , and Carpino & Kne zevi c (1996) .
The slope for the mass of Ceres as a function of the mean distance of Vesta is negative while the slopes for Latvia and Berna are positive. This may be a result of the fact that the mean distance of Vesta is less than the mean distance of Ceres while the mean distances of Latvia and Berna are greater than the mean distance of Eunomia. This change in the direction of the slope is suggested by treating the encounter a done by HSM96 provided that the comparison is made using osculating elements that are either both pre-encounter or both post-encounter. The model, however, is a very simple one. Subjecting the encounters to perturbation analysis will give a more quantitative appraisal.
Improving the mass of Eunomia
The uncertainty in the mass of Eunomia, while smaller than that for any asteroid, aside from Ceres, Pallas, and Vesta, is still quite high. Therefore, it is worthwhile to ask what can be done to improve the mass.
A reduction in the uncertainty of the mean distance of the perturbed asteroid would signi cantly reduce the uncertainty in the mass of Eunomia since the mean distance of the perturbed asteroid is so strongly connected with the mass of Eunomia. There are two ways to reduce in the uncertainty of the mean distance from new observations. First, a large number of additional optical observations can be made well into the next millennium. Second, radar delay observations of the perturbed asteroid can reduce the uncertainty in the mean distance markedly. Both Latvia and Berna have mean radii of about 40 km (Tedesco 1989) and their distance from the Earth at mean opposition of 1.65 AU. Hence they both should be within the range of the improved Arecibo telescope. Both asteroids will be within the declination range of Arecibo during in the years 1998 and 2000 when they are near opposition. Fig. 7 shows the change in the expected radar range of Berna caused by perturbation by Eunomia. The portion with the heavy line indicates where Berna is within 30 of opposition. As with Fig. 5 the exact size of the delay Radar ranges should not be seen as a panacea, however. The distance measured by a radar delay is not the mean distance, but the distance between the asteroid and the Earth. To convert between the Earth-asteroid distance and the mean distance with a small number of radar ranges requires some prior knowledge of the ephemeris of the asteroid. Hence the uncertainty in the current ephemeris degrades the ability to improve the mean distance. A test was constructed to determine the amount of improvement that can be expected from radar delay measurements. Simulated radar delay observations were generated by computing a set of radar ranges from an ephemeris for the perturbed asteroids, adding random noise and then generating a new ephemeris including the simulated radar observations. The amount of random noise for the observations was based on the assumption that the largest unknown is not the delay time, but the morphology of the target. It was assumed that the uncertainty in the center of re ection with respect to the center of mass of the perturbed asteroid is 1/4 the mean diameter of the asteroid or 10 km. The results from the use of simulated data in Table 4 are quite encouraging. Including a single radar delay measurement for either perturbed asteroid reduces the uncertainty in the mean distance and mass of Eunomia by nearly a factor of two. The e ect of adding further observations either during the same opposition or during multiple oppositions depends on which perturbing asteroid is being observed. Most likely, this is a result of the di erence in how the perturbation of Eunomia a ects the orbit of the perturbed asteroid. For Berna, an additional 27% reduction in the uncertainty was achieved by either increasing the number of observations during a single opposition or by making one observation at each of two oppositions. Doing the same for Latvia produces only a marginal reduction in the uncertainty. Additional reductions for Latvia were achieved using a few observations from each of three oppositions. However, even in the best case the uncertainty in the mass derived from the Latvia observations were slightly worse than the current uncertainty from observations of Berna.
Finally, discovery of additional observations of the perturbed asteroids prior to the encounters with Eunomia would be useful in reducing the uncertainties in the pre-encounter orbits which may lead to re nement in the mass of Eunomia. For Berna there is the possibility of improvement if the plates containing the observations of Berna from Uccle can be remeasured and reduced using a modern astrometric catalog for the reference star positions.
CONCLUSIONS
The mass of the S asteroid 15 Eunomia was determined to be (4:2 1:1) 10 ?12 M from observation of the perturbed asteroid 1313 Berna. From observations of the asteroid 1284 Latvia the mass of Eunomia derived was (1:5 6:9) 10 ?12 M . These masses both indicate a mass much smaller than the mass expected based on a spherical body with the IRAS value for the mean radius of Eunomia and a density of 3 g cm ?3 . However, there are strong indications from Reed, et al. (1996) that Eunomia is far from spherical or homogeneous. Hence its volume and mean density are highly uncertain. Analysis of the change in the orbits of the perturbed asteroids as a function of the mass of Eunomia show that the mean distance of the perturbed asteroids is a linear function of Eunomia's mass over any conceivable mass range. The slope of the mass-mean distance function is a factor of 5 greater for Latvia. The same type of linear relationship is found in the mean distance of Vesta as a function of the mass of Ceres.
Analysis of how the mean distances of Latvia and Berna were changed by the perturbation of Eunomia shows two di erent reactions. For Berna most of the change occured in two large jumps in the mean distance both in the same direction. For Latvia the change in the mean distance occurred in a series of small jumps at each of several close encounters. The size and direction of the jumps were somewhat symmetrical over time, so the nal mean distance of Latvia was only a little di erent than the initial mean distance. Changing the mass of Eunomia did not a ect the shape of these curves, only the size of the jumps.
Reducing the uncertainty in the mean distances of Latvia and Berna will reduce the uncertainty in the mass of Eunomia . This can best be done using radar delay measurements. Experiments were made to determine how much improvement can realistically be expected from a series of such radar observations. A single observation can reduce the uncertainty in the mass of Eunomia by half. After a few observations at each of two oppositions the uncertainty in the mass of Eunomia from observations of Berna can be reduced to about 10%, while it takes a few observations at each of three oppositions to reduce the uncertainty from perturbations of Latvia to 25% of the present uncertainty from observations of Berna. Additional reduction in the uncertainty should come from either the discovery of additional pre-encounter observations or remeasurement of plates of Berna made a Uccle.
The best t osculating elements for Eunomia, Latvia, and Berna for 13 Nov. 1996 are given in Table 5 . The residuals for Berna are signi cantly less than for previous determinations of its orbit. Reed, et al. (1996) . 
